Optimal transport and
thermodynamics for the learning:
Application to the diffusion model
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Generative model

Stable diffusion (2022)
. Generative artificial intelligence
. Text-to-image model

. The diffusion models
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Diffusion model - Original paper (2015)

Deep Unsupervised Learning using

Nonequilibrium Thermodynamics

Jascha Sohl-Dickstein, Eric Weiss, Niru Maheswaranathan, Surya Ganguli Proceedings of the

32nd International Conference on Machine Learning, PMLR 37:2256-2265, 2015.
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J. Sohl-Dickstein, E. Weiss, N. Maheswaranathan, and S. Ganguli, PMLR, pp. 2256-2265 (2015).

Abstract

A central problem in machine learning involves modeling complex data-sets using highly flexible
families of probability distributions in which learning, sampling, inference, and evaluation are still
analytically or computationally tractable. Here, we develop an approach that simultaneously achieves
both flexibility and tractability. The essential idea, inspired by non-equilibrium statistical physics, is to
systematically and slowly destroy structure in a data distribution through an iterative forward diffusion
process. We then |learn a reverse diffusion process that restores structure in data, yielding a highly
flexible and tractable generative model of the data. This approach allows us to rapidly learn, sample
from, and evaluate probabilities in deep generative models with thousands of layers or time steps, as
well as to compute conditional and posterior probabilities under the learned model. We additionally
release an open source reference implementation of the algorithm.

Forward diffusion process
[learning]

i+ | Reverse diffusion process
[data generation]

-2
-2 0 ?
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Essential 1dea

J. Sohl-Dickstein, E. Weiss, N. Maheswaranathan, and S. Ganguli, PMLR, pp. 2256-2265 (2015).

Training data ¢
Py(xg) = q(xp) P.(xy)

@ _,u} Forward diffusion process [learning]

PF{x}) = qx) [ | Tixip 1%)

Estimating the reverse process 77 =T

PEAxH) =Pl | | T (x| x4 0)
Generated data p 0 H : +1

@ #| 1% | Reverse diffusion process [data generation]

PO = Glxy)) —a——— P(ey)( = P,xy)
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Variants of the diffusion models
- Score-based generative model

Song, Y., Sohl-Dickstein, J., Kingma, D. P., Kumar, A., Ermon, S., & Poole, B. In International Conference on Learning Representations. (2021).

Score-based generative model

Fokker-Planck equation (Forward diffusion process)

0,P(x)=—V - -WxP(x) v(x)=F(x)—T,VinP(x) Estimating 2,(x) = F,(x) — T,s/(x)
via the score function s, = VIn P,

-Data generation by the reverse stochastic differential equation

X;=F,_jxp) — 20, _;(x;) + /2T €, _; (f =7 —t :Reversed time)
-Data generation by the ordinary differential equation (probability flow ODE)

X; = —V,_{x;)
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Variants of the diffusion models
- Flow-based generative model

Y. Lipman, R. T. Chen, H. Ben-Hamu, M. Nickel, and M. Le, International Conference on Learning Representations (2022)

Flow-based generative model

Continuity equation (Forward process)

J0,P(x)=—-V - -@W(x)P(x)) Estimating the velocity field 2(x) = v(x)

-Data generation by the ordinary differential equation

X; = —V,_#{x7) (f =7 —t :Reversed time)
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Examples: Forward diffusion process
for accurate data generation
Linear force F(x)=Ax+b,

Gaussian transition probabillity

Px|y)=Nx|p(y),Z) py)=y 2, =0

» P(x) = [dfo(x Y)Po(y)

COS| ne SCh ed u Ie A. Q. Nichol, & P. Dhariwal, In International conference on machine learning (pp. 8162-8171). PMLR (2021)
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Conditional optimal transport schedule (Approximate optimal transport)

Y. Lipman, R. T. Chen, H. Ben-Hamu, M. Nickel, and M. Le, International Conference on Learning Representations (2022)

p(y)=my X =o’1 m=1—— 6,=—  te[0.1]
T

(Figure from) K. |keda, T. Uda, D. Okanohara and SlI, arXiv:2407.04495.
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Motivation

The diffusion models are inspired by nonequilibrium thermodynamics.

J. Sohl-Dickstein, E. Weiss, N. Maheswaranathan, and S. Ganguli, PMLR, pp. 2256—-2265 (2015).

Question:

|s stochastic thermodynamics still useful for understanding the
current technique (e.qg., optimal transport) in the diffusion models?

Our results:

In terms of stochastic thermodynamics based on optimal transport,
the accuracy of data generation in the diffusion models can be
discussed thermodynamically.
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Outline

. Introduction: Generative models and diffusion models
. Stochastic thermodynamics based on optimal transport

. Main results: Speed-accuracy trade-off for the diffusion models

K. Ikeda, T. Uda, D. Okanohara and SlI, arXiv:2407.04495.
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Optimal transport: p-Wasserstein distance

Textbook: Villani, C. (2009). Optimal transport: old and new (Vol. 338, p. 23). Berlin: springer.

1

p-Wasserstein distance W, (P,Q) = (infneH(P,Q)de[dyn(x, »llx - pr> z

Probabilityd  P(X)

6D (P, Q) = {ﬂ(x,y) dyn(x,y) = P(x), deﬂ(x,y) = Q(y), nlx,y) 2 0}

>
Space .

Metric: @ 7 (P,0)>0 @ W,P.0)=0P=0 Q W, P,Q) =W ,0,P)

@D W (P,R)+ W (R, Q) > W ,(P,0)

Inequality: p>g>1= %, (P,.0)>% (P,0)
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Optimal transport:
Expressions based on dual problems

Textbook: Villani, C. (2009). Optimal transport: old and new (Vol. 338, p. 23). Berlin: springer.

1-Wasserstein distance WP, Q) = sup [{f)p— (ol

(Kantorovich-Rubinstein duality) feLip!

Slp= [dxf(x)P(x) Lip' = {f) |[IVA®)II* < 1)

2-\\Wasserstein distance
(Benamou-Brenier formula) W (P, Q) =\/

inf rrdtjdxuut<x>||2Qt<x>

{ut’Qt}OSIST 0

0,0/x) ==V - (u(x)Q)x)) Qyx) =Plx) Q(x)=Q(x)

J-D. Benamou & Y. Brenier. Numerische Mathematik 84, 375-393 (2000).
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Stochastic thermodynamics
for the diffusion systems

Review: U. Seifert, Reports on progress in physics, 75, 126001 (2012).

Fokker-Planck equation The entropy production rate

OFx) ==V G l)Px) g = [dxHV (®)|12P,(x)
r Tt [ [
v(x)=F/(x)—T,VIn P(x)

The entropy production

Stot = J dtS™
0
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Lower bound on the entropy production rate

Lower bound on the entropy production rate  Speed in the space of the 2-\Wasserstein distance
(Excess entropy production rate™)

W (P, P i
v,(1) = lim 2 Pivad) =\/ dx [y (x)||*P (x)
At—+0 At ]

Stot
St

AV

1
= — | dx|lv®*(x)||*P.(x
2 TJ e Col12P, )

ct.) Benamou-Brenier formula

0P (x) = = V- Wx)P(x)) = — V - 0 (x)P(x))

v (x) = Vo(x) conservative (gradient flow)

(Figure from) D. Sekizawa, Sl and M. Oizumi, arXiv:2312.03489.

V-@*®)P(x) =0 :non-conservative
M. Nakazato and Sl. Phys. Rev. Res. 3, 043093 (2021).

hk _ ex ' A. Dechant, S- Sasa and SI. Phys. Rev. Res. 4, L012034 (2022).
Vo (x) =v(x) —v(x) (CyCIIC)
* Maes, C., & NetocCny, K. Journal of Statistical Physics, 154, 188-203 (2014).
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Minimum entropy production
and geodesic (optimal transport)

Time-independent temperature 7T, = T = const.

Cdtvy (1)) .
Thermodynamic speed limit gtot > [IO Vot > [ (P, P
C Tl B tT

E. Aurell, K. Gawedzki, C. Mejia-Monasterio, R. Mohayaee, & P. Muratore-Ginanneschi, Journal of statistical physics, 147, 487-505 (2012).
M. Nakazato and Sl. Phys. Rev. Res. 3, 043093 (2021).

- . . . Py, P’

Minimum entropy production: Geodesic + Conservative  §*' = 7 OT )]
.
ot [v,(1)]° _ . - B
Stot = :Conservative @ (x) = Vg, (x) or F(x) = — VU,/(x)) P,
T WPy, P,)
Wz(Po, PT) . . dth(t)
Vy(F) = = const. :Geodesic (optimal transport)
T P, Geodesic :v,(f) = const.
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Thermodynamic uncertainty relation
for the excess entropy production rate

: : : A. Dechant, S-l Sasa and Sl. Phys. Rev. Res. 4, L012034 (2022).
ThermOdynamIC uncertalnty relatlon A. Dechant, S-l Sasa and S, Phys. Rev. E. 106, 024125 (2022).
[Vz(f)]z ‘ at< r> P ‘2 cf.) Cramér—Rao bound: Sl and A. Dechant, Physical Review X, 10, 021056 (2020).
T T, T TV r(x): time-independent observable

[0r)p,]
Vo(1) > v (1) (Normalized) speed of observable r(x) v.(f) = A
NCOLES
Speed in the space of the 2-\Wasserstein distance cf.) w,(P,Q) > W (P, Q), r(x) € Lip!

1S the upper bOund on the Speed Of any Observable' R. Nagayama, K. Yoshimura, A. Kolchinsky and Sl. arXiv: 2311.16569.
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Analogous to thermodynamic speed limit and
thermodynamic uncertainty relation

Question:

|s stochastic thermodynamics still useful for understanding the
current technique (e.qg., optimal transport) in the diffusion models?

Stochastic thermodynamics Diffusion models

Optimal transport
= Minimum entropy production

(Approximate) optimal transport
= Accurate data generation
(empirical finding)

Analogy

=)

V(1) 2> v.(1) Trade-offs: Our results

Trade-offs

¢ 2
Gtot [v,(1)]° Gt s [, divy(0)]
T T T T
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Outline

. Introduction: Generative models and diffusion models
. Stochastic thermodynamics based on optimal transport

. Main results: Speed-accuracy trade-oft for the diffusion models

K. Ikeda, T. Uda, D. Okanohara and Sl, arXiv:2407.04495.
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Estimation error in the diffusion models

P, (x) Forward process P,(x) > P.(x)

Training data g(x) P(x) = P]_(x)
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A Reverse process

Estimation error | t Pg (x) # ﬁg(x)
Pi(x)

Estimated process P!(x)

Pi(x) <

Y

Generated data p(x) {e¥3lCQICICBME T

Estimation error (measured by the 1-Wasserstein distance)

% 1( p, q ) e.g.,) K. Oko, S. Akiyama & T. Suzuki, In International Conference on Machine Learning (pp. 26517-26582). PMLR (2023).
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Perturpbation and response

Forward process/Reverse process -stimated process
dP(x)=—V - W(x)P(x)) P(x)=P (x) Probabillity flow ODE/Flow-based generative modeling]
[~ 1 o ! [ t — * r—t

0;PI(x) =V - W, _{(X)P/(x)) F=17—1 0;PI(x) = V - (,_(x)PL(x))

In Itlal pe rtu rbati()n Forward process / Reverse process

~/

n ) — Phe))
x(Po(x) P(x)) Pg(x) .

: )(z-divergence

Py (x) .
qglx)r -7
Response function A
Diff ' _
Estimation error 1-Wasserstein Estimated process
) FRENT2 distance A )V,
AWl L [%1(]9, Q) o Wl(P 9PO)]
Dy Dy Perturbation p(x)¥ i=r
AW

Is small. — Data generation is robust to the initial perturbation.

Dy
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Main results:
Speed-accuracy trade-off for the diffusion models

Speed-accuracy trade-off

Forward process / Reverse process

AW% T .t : Diffusion queed— cost / )
S dtTtSto 0/“ dt[v(t)]°

- Pi(x) i=0
TDO O q(a) :’/,,x'"’/“
A
Conservative case T-Wasserstein Estimated process
(Vt(x) — V¢t(x) or Ft(x) — —V Ut(x)) distance A ),
Speed-accuracy trade-off
A 7/ 2 4 p(x)¥ i=r for the diffusion models
1 ' (AWn)? / Lo ()
- S J' dt[Vz(t)]z Do T Jy v2(0)]

The robustness of data generation is generally limited by the diffusion speed v,(7)

(or the entropy production rate $*Y) in the forward process.
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Main results:

Speed-accuracy trade-off for the diffusion models (Instantaneous)

Instantaneous speed-accuracy trade-off

[0 (Pi_, Pl_)|°

S Tt S”;Ot
D 0

Conservative case v(x) = V¢, (x) or F (x) = — VU,(x))

| atWI(PZ—t’ P;—t) ‘

/D,

VlOSS(t) S VZ(t) Vloss(t) —

cf.) Thermodynamic uncertainty relation v (¢) < v,(?)
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Sketch of proof: Instantaneous trade-oft

0;P1(x) = V - (U,_i(x)P!(x)) » o[P_ (x)—P'_(x)]=-V-@I[P_x)—P_x)]
0-P

Pl(x) =V - ,_(x)PL(x)) Continuity equation

f=1—1

2
feLip! [0,((f)pr. — (Pp ) I* = (def (x)9,[P(x) — P;@)])

2
) (J'dx VAx) - v (0[P (x) - PZ—f(x)])

Cauchy-Schwartz inequality , [P (x) = P,_ ()]
s (1) < 1) < ([ esteeriee) (J T P
T S®! D, (Time-independent)
+ Kantrovich-Rubinstein duality ~ 3re Lip! 9,7 ,(P,_.P!_)|> < [0, () pi —(F)pr) &
‘ al‘Wl(pi—t’ Pj—t) ‘2
Dy

Instantaneous speed-accuracy trade-off < Ttggot
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Sketch of prooft: speed-accuracy trade-off

0 (PI_, Pl )|

T—1° " T—

Dy

Instantaneous speed-accuracy trade-off < TS

T T oW (PT . PT )|
I diT S™" zJ dt‘ A 1P Py
0 0 Dy

(AW )?
TDO

Cauchy-Schwartz inequality >

dtT S*

AW (7
Speed-accuracy trade-off < [



"Optimal” forward process
for accurate data generation

AT (T ,
< | dilvy,(®)]
Minimizing the upper bound
’ Wy (Py, P . .
J dt[v,(1)]” > - cf.) Minimum entropy production
0

W (Py, P,)

— — T 2
V(1) = - = const . » J’ (O] = W (P,, P,)
. T

:Geodesic (optimal transport)

Minimum value

The "optimal” forward process Is a dynamics driven by optimal transport

(.e., geodesic In the space of the 2-Wasserstein distance).

20/34
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"Suboptimal” forward process
for accurate data generation

TheO rem N. Shaul, R. T. Chen, M. Nickel, M. Le, and Y. Lipman, in International Conference on Machine Learning, PMLR, pp. 30883—-30907 (2023)

If the number of data Ny is small enough compared to the dimension of the data

(ND/\% — O)’ T

T P(x) = | dyPS(x |y)P
J dt[v,(£)]* =~ ndj di[(0,6)* + (0,m,)"] (%) J yP; (x| y)Py(y)
0 0 Pi(x|y) = N (x|my,o;T)

T

< J dt[vz(t)]2 ~ ndj alt[(@tdt)2 + (Otmt)z]
0 0

AW
TDO

Minimizing the approximate upper bound
(suboptimal)
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"Suboptimal” forward process:
Conditional optimal transport schedule

‘ (60 — 6.)° + (mpy — m.)?
nd[ di[(0.6)* + (0m)?] > ny—m—F—— 2 T
0 T
t z ‘ , , (6y — 0,)” + (my — m,)’
m,=1—— Oy = — » ng | dil(d,6)” + (9m,)°] = ny
T T 0 T
‘Conditional optimal transport schedule Minimum value

The "suboptimal” forward process Is a dynamics driven
by the conditional optimal transport schedule.
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"Suboptimal” forward process:
Cosine schedule

Constraint: m* + 6> = 1 = (m,, 6,) = (cos ,, sin 0,)

T L 2
nd[ dt[(d,at)2 + (8tmt)2] > Ny (% - el
0

f | f ‘ (6 — 6.)?
T = 08 (%?) Or = (gg) » nd[ dt[(atdt)z + (atmt)z] = Ny 0 -

0
‘Cosine schedule Minimum value

The "suboptimal” forward process under the constraint is a dynamics
driven by the cosine schedule.
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Examples of optimal and suboptimal dynamics
for the diffusion models: Swiss roll

Cosine schedule

Forward
process

Estimated
process

IO,

Cond-OT schedule

Forward
process

Estimated
process

VY

Optimal transport

Forward
process

Estimated
process

O
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Examples ot optimal and suboptimal dynamics
for the diffusion models: Gaussian mixture

Cosine schedule Cond-OT schedule Optimal transport (OT)
Forward process Forward process Forward process
05(1( )u fgosq( )u = 10g(x)
. A | A | A ~ 09
004 0 4-4 0 4-4 0 4-4 0 4 0.0-4 4-4 % 4-4 é 4-4% 4 VL 4 4-4 * 4—4% 4—4% 4
. OEstlmated process Estlmated process Estimated process
% g Py) A;‘;P J A P*<x) 5 10 p(cv)J Pi(x)
| =L10.5 0
1
°'°'—4 0 4-4 0 4-4 0A4—4 0A4 4-4 oA —4 4 00, AR ‘o‘ i 0A4_4 0A4
% % | —>t/7 % % | —>t/7 | - - ——>1/7
0 1/3 2/3 1 0 1/3 2/3 1 0 1/3 2/3 1

Initial perturbation

P.(x):Forward process
t(x ) P Gaussian distribution

with different mean

~T_t(x):Estimated process 0.6

0 ).4
The data structure (the two peaks) is well recovered even during =2 /\
the dynamics of the estimated process in the case of optimal transport. 0.0 y Y 1
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Speed-accuracy trade-off for the diffusion models
(Instantaneous)

o Cosine Cond-OT OT
1.0
RFe 2
S - v5 (1)
= 05 2 f
= va(t) ol ()
O 2
N@-—‘ Uloss (f) _—

0.5 1.0 0.0 0.5 1.0
t/T t/T t/T
= y)
| atWI(PT_p P;_t) ‘

D = [V, (D] < (D)

In the case of optimal transport, the data structure is not well rapidly changed
during the dynamics of the estimated process.
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Speed-accuracy trade-oft
for the diffusion models

0.5 @.u.) (AW )2 T T
. Cond-OT 1 ) J 2
— < | dtf N]- < | dt[v,(t
0.4 TDO . J() [Vloss( )] = ; [Vz( )]
0.3

The bounds are tighter Iin the case of the optimal transport
compared to the cosine and conditional optimal transport
schedules.

Cosine

0.2
0.1

OoT

The value of (A7",)*/(zD,) for the optimal transport is the

smallest for any schedules.

0.0
Noise schedules| Values of (A7))*/(zDy)
‘ Cosine 0.1884 x 102
AW |)? ‘
. ( : ,[ dt[vloss(t)]z . J dt [Vz(t)]z Cond-OT | 8.7810 x 10~*
o ’ 0 OT 8.5375 x 10~

Interestingly, the cosine and conditional optimal transport schedules work well in the data generation
for this simple case because the response function (A%7",)*/(zD,) is small enough.
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summary

. We used the technique of stochastic thermodynamics and optimal transport to
discuss the accurate data generation in the diffusion models.

. We derived the trade-off relationship between the robust data generation to the
Initial perturbation and the diffusion speed cost given by the 2-Wasserstein distance

or the entropy production rate.

. We discuss the optimality and suboptimality of the forward diffusion process in
terms of the trade-off, and we found the theoretical validity of the well-used
methods (i.e., the cosine and the conditional optimal transport schedule.)

For more information and examples, see K. |keda, T. Uda, D. Okanohara and Sl, arXiv:2407.04495.

Take-home message:
Stochastic thermodynamics (based on optimal transport) is useful for generative Al.



