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Our studies on geometric thermodynamics and related topics
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Geometric thermodynamics

A theory of nonequilibrium thermodynamics based on (differential) geometry

Based on (differential) geometry, we can discuss ... Length Final state

(D a nonequilibrium transition characterized by the length

and its optimality characterized by geodesic .
Initial state

e.g.,) Minimum entropy production, Speed limit C
. . . . D(al]c)
(@ decompositions of thermodynamic cost via the orthogonality Db||c)
e.g.,) Excess/housekeeping EPR, Information thermodynamics a D@l 15) b
a

D(al|c) =D(a||b) + D(b||c)
@ thermodynamic trade-off relations based on the inner product

V
e.g.,) Thermodynamic uncertainty relations (TURs), V, t
Estimation of entropy production rate (EPR) i d /;/dv
(v, d)”

vod)y’ < @orldod)  @pw)=max= )



Fokker-Planck equation and stochastic thermodynamics

Fokker-Planck equation

0P(x)=—V- -Ww(x)P(x)) v(x) =ukF(x)— uT Vin P(x)

Entropy production rate (EPR) Inner product (geometric):
1 |
O, = — deHVt(x)Hth(x) = (¥ V) (2 0) (a,b) = — de[a(x) - b(x)]P(x)
H I The 2nd law = I

EPR with the detailed balance condition F,(x) = — VU(x) = T VIn P*(x)

o,= (uT'VInP,/P*, uTVinP,/P®) = — 0,Dy (P,|| PY) Kullback-Leibler divergence (geometric):
P(x) Dy (P|PY) = | dxP,(x)In il
Fokker-Planck Eq.: 9,P(x)=—-V - l,uT P(x)VIn > tq( )] KLAT B ! Ped(x)
“A(x

The and law: 0, Dy (P,[|P™) <0 * Dy (P||P?Y) :Lyapunov function P, — P™ (f — o0)



Optimal transport theory and minimum entropy production

Optimal transport theory (Benamou-Brenier formula) [Benamou&Brenier (2000)]

[Benamou&Brenier (2000)] J. D. Benamou and Y. Brenier. Numerische Mathematik, 84, 375-393 (2000).

L2-Wasserstein distance (geometric):
Probability A

T P (x )
W (P, Q) = min TJ dtdel\Vt(x) Hth(x)
(V t(x),P t(x))OStST 0 -
» O(x)

st. 0,P(x)=—V - -@(x)P/(x))

PO(x) — P(X),PT(X) — Q(x) Spacel>
" Y(X)

O 1 l . o o o
ptimalz, Minimum entropy production [Aurell+ (2011,2012)]

W,(P,0Q) = \/ T[ dtdellV@t(x)llth(x)

0

dic, >
0 ult

ZT _ JT [%2(})09 PT)]Z

Y = VO @ @)+ IV =0

[Aurell+ (2011)] E. Aurell, E., C. Mejia-Monasterio and P. Muratore-Ginanneschi. Phys. Rev. Lett. 106, 250601 (2011).
[Aurell+ (2012)] E. Aurell, K. Gawedzki, C. Mejia-Monasterio, R. Mohayaee and P. Muratore-Ginanneschi. J. Stat. Phys. 147, 487 (2012).



Geometric interpretation of nonequilibrium transition

[Nakazato&SI (2021)] M. Nakazato and SI. Phys. Rev. Res. 3, 043093 (2021).
[ST (2023)] SI. Information geometry, 1-42 (2023).

Lower bound on EPR , , ,
Speed in L2-Wasserstein space (Geometric):

1 /dZ.\?* o p P

I N
H Excess EPR d Ar=0 At

Same time evolution by the “potential” ¢ (x):  0.P(x) = =V - W (x)P(x)) = =V - (Vg (x)P(x))
Minimum entropy production (thermodynamic speed limit)

g L —LJ (WP, P
0 ult ult

Optimal protocol (geodesic N dynamics driven by potential)
Length & — &, Final state

d<¥. W ,(P,, P
| = 2(Fo P = const. ' S (W (P, P T)]z
l'=

dt T T P
HLIT 0
— V e _o°
v (x) = V,(x) Initial state

Geodesic 7 ,(P,, P )



Example: Optimal protocol

Harmonic potential, 1D Gaussian (x = x € |

hy

[Nakazato&SI (2021)] M. Nakazato and SI. Phys. Rev. Res. 3, 043093 (2021).

0,P(x) =—0 (v(x)P(x)) v(x)=ulF(x)—uTo. lnP/(x)

d<Z,
- - e.g.,) Optimal heat engine < = const. )
F(x)=—-0Ux) =—k(x—a,) dt
1 ( X — Ib [ .X] )2 :i 1 = ‘ | ' " 1.1sothermal process ! 2. Adiabatic process Vt
P(x) = exp | — t V. = " -
\/ 2nVar|x], 2Var|x], e« o —
L2-Wasserstein distance (1D Gaussian): : L v
WPy, P) = \/ (Elx]s — Elx])” + (/Varlx]; —/Var[x],)’
Optimal protocol (Minimum dissipation in a finite time t)
= Elx], — Elx]
A, WPy, P,) dE[x], — const . a, = E[x], 4 - P >0
i = const. ’ A T
‘ dy/Var[x], * T yVarld, - /Varlx,
yt(x) — V¢t(x) 7 = const. t Var| x|, qu\/Var[x]t




Geometric excess/housekeeping decomposition of EPR

[Nakazato&SI (2021)] M. Nakazato and SI. Phys. Rev. Res. 3, 043093 (2021).
[Dechant+ (2022a)] A. Dechant, S-I Sasa and SI. Phys. Rev. Res. 4, L012034 (2022).

Geometric decomposition .
O, :Excess EPR

o, = <Vt9 Vt> — < V¢t’ V¢t> + <1/t — V¢t’ v, — V¢t> (The dissipation by the same time evolution driven by a potential)
—_— V¢ (x) € Im[grad]

. : hk hk .
. Ute h .— Oy O; :Housekeeping EPR
Gthk is same as 6™ in [Nakazato&SI (2021)]. (The dissipation by cycle flows which do not affect the time evolution)

lv(x) — V@, (x)]P(x) € Ker[—div]

-V ([Vt(x) — ngt(X)]Pt(X)) =0

A same decomposition is introduced viaV - J” = 0 [Maes&Netocny (2014)].

[Maes&Netocny (2014)] C. Maes and K. Neto¢ny. J. Stat. Phys. 154, 188 (2014).
Pythagorean theorem L
[

D@ |0) = DW,||V¢,)+ D(Vg,|0) D,||0) = (v,,v,) = o,

Dw,[|V¢,) = <Vr — Vo, v, — V¢t> — Gthk
Ker[—di1v] L Im]|grad]
Vo, Orthogonality: (v, — V¢, V¢,) =0

D(V0) =V, V) =0



Short-time TURs for excess/housekeeping EPR

Short-time TUR for EPR

2
= (V,v,) > e d) 0, = max ¥ dy
(d,d) d (d,d)

Estimation of EPR by machine learning [Otsubo+ (2020)]
[Otsubo+ (2020)] S. Otsubo, SI, A. Dechant and T. Sagawa. Phys. Rev. E. 101, 062106 (2020).

Short-time TUR for excess EPR
(Vo V) |0E [y’

o=V V) 2 (Vy, V) (Vy, V)

W, Vy)? [ 0,E [yl
o, = max = max
1/ <Vl//9Vl/j> 74 <VW3VW>

Short-time TUR for housekeeping EPR

[Dechant+ (2022a)] A. Dechant, S-I Sasa and SI. Phys. Rev. Res. 4, L012034 (2022).
[Dechant+ (2022b)] A. Dechant, S-I Sasa and SI. Phys. Rev. E 106, 024125 (2022).

Cauchy-Schwarz mequality

4 /

2
W d>2 < (¥,v){d,d) (V1) = mdaX <:d,,[£ll>>
Expected value: [E [y] = J dxy(x)P (x)
YV
Im[grad] Vo,
—V d 2 ,d )
<V t ¢t9 > th . max <1/t >

> P
(d,d) d|v-dpr)=0 (d,d)



Excess EPR and gradient flow

[Dechant+ (2022b)] A. Dechant, S-I Sasa and SI. Phys. Rev. E 106, 024125 (2022).
[SI(2023)] SI. Information geometry, 1-42 (2023).

An expression of excess EPR
cf.) EPR with the detailed balance condition

s=t 6, = — 0,Dy; (P,||P%Y) ( > 0)
Vg (x)=uTVinP(x) — uT Vin PP*"(x)

0" = — 0,Dyy (P||PY)

Pseudo canonical distribution v(x) =uT Vin P(x) — uT VIn P*(x)
) , _
OPX) = =V - [V @P] =V - [uTP)VIn Ppéff(l) PP
| P P, .
. Gradient flow ®
Non-negativity of excess EPR P, |
Vin San . Gradient flow
9.Dy; (PJIPP™| <0 P

S=1

0,PP“" = 0 — A Lyapunov function exists. (Relaxation to a unique steady-state P, — P™*" (1 — 00))

PP®% = PP — The excess EPR o;* can be Hatano-Sasa excess (or non-adiabatic) EPR [Hatano&Sasa (2001), Esposito&Van den Broeck (2010)].

oM = — 9, Dy (P||PY o In general, PP*" # P and 6™ < 6 [Dechant+ (2022b)].

[Hatano&Sasa (2001)] T. Hatano and S. I. Sasa, Physical review letters, 86, 3463 (2001).
[Esposito&Van den Broeck (2001)] M. Esposito and C. Van den Broeck, Physical Review E, 82, 011143 (2010).



Information-geometric orthogonality

[ST (2023)] SI. Information geometry, 1-42 (2023).
See also) [SI+ (2020)] SI, M. Oizumi and S-I Amari. Phys. Rev. Res. 2, 033048 (2020). [Kolchinsky+ (2022)] A. Kolchinsky, A. Dechant, K. Yoshimura and SI. arXiv:2206.14599 (2022).

Path probability for tilted dynamics: Tilted dynamics:

P Xy ar) = 14Xy a0 | X)) 0,p(x) = — V- @(x) + @ (x) — vx)p,x))

1%, g — X, — (F(x,) + v (x;) —v(x,))dt | =—V - @(x)p(x))
4uTdt

€ A | x,) o exp

”:DV'(xl‘ > xt +dt )

P, (X, X1 g1)

Kullback-Leibler divergence (for two path probabilities):  Dg (P, [|P,.) = detdxﬂrdtﬂj’yf(xp X, g0

Generalized Pythagorean theorem (Information geometry)

D (P, [IPy) = Dyt (P, [IPy) + Dt (P [|Po)

= o,dt/4 = o%dt/4 = c*dt/4

Pyg,



Two possible geometries of nonequilibrium thermodynamics

Information geometry Optimal transport theory
Differential geometry for the set of (path) probabilities Differential geometry for kinetics of P,(x)
PR [P) 20, szP(z) = 1] 0,P(x) ==V - @X)P(x)) = = V- (Vx)P(x))
A geometric measure: Kullback-Leibler divergence A geometric measure: L2-Wasserstein divergence

[FD(Z) T T

Dy (P||Q) = | dzP(z)In W APy, P,) = minTJ dtjdxllvt(x)llth(x) = T[ di(V ¢, V)
@(Z) oo Jo 0

P, Vi

A decomposition of EPR

= =0+ -

0

Po

I]:Dngt V¢t

Two geometries can provide different excess/housekeeping decompositions for the master/rate equation. [Yoshimura+ (2023), Kolchinsky+ (2022)]
[ Yoshimura+ (2023)] K. Yoshimura, A. Kolchinsky, A. Dechant and SI. Phys. Rev. Res. 5, 013017 (2023). [Kolchinsky+ (2022)] A. Kolchinsky, A. Dechant, K. Yoshimura and SI. arXiv:2206.14599 (2022).



Summary

We proposed a differential-geometric framework of nonequilibrium thermodynamics.

We can discuss minimum entropy production and optimal protocol based on geometry of optimal

transport theory. Length £, — %, Final state

K L —Lo WPy, P))
Jo ulz ult

I
Initial state

We obtained an excess/housekeeping decomposition of EPR via Pythagorean theorem.

o, = WVpV,) =(V§, V) + ¥, —V,v,— V)

Dw,||0) = ¢,

D,V = o

. EX _ hk Ker[—div] L Im[grad]
.— Oy — O; 0 Vo .
D(V,10) = o f
We obtained short-time TURs for excess/housekeeping EPR from an expression by an inner product.
2 1%
O [y’ ¥, — V¢, d) 7t
6% > | 0, [w]] Gthk > t t ->Vl//£
(Vy, Vy) <d ,d > Im[grad] Vo,

We revealed a thermodynamic link between geometry of Kullback-Leibler divergence in information geometry
and geometry of L2-Wasserstein distance in optimal transport theory for the Fokker-Planck equation.



