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Introduction
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The system Is macroscopic. (e.g., the gas in the box)

Dynamics are deterministic.

The interaction between two systems is negligible. (Additivity)
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The system Is mesoscopic. (e.g., the Brownian particle) 20

Dynamics are stochastic. (Thermodynamic quantity is random variable.)

The interaction between two systems is NOT negligible. (Non-additivity)
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The system is mesoscopic. (e.g., the Brownian particle)
Dynamics are stochastic. (Thermodynamic quantity is random variable.)

The interaction between two systems is NOT negligible. (Non-additivity)
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We can reconsider the theory of

\

(stochastic) thermodynamics Dl

30um

from the information-theoretic view point.

For example, the second law of thermodynamics
can be generalized for information processing.
(The 2nd law of “information” thermodynamics)
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We derived the second law of information U I IS
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of information geometry.
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We introduce basics of stochastic thermodynamics for the Langevin
equation.

-1st law of thermodynamics, 2nd law of thermodynamics
We introduce informational quantities.

- mutual information, relative entropy

We derive the second law of information thermodynamics for Langevin
equation.

We discuss stochastic thermodynamics in 2D Langevin equations, and
clarify the idea of information thermodynamics.
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Thermodynamics (Review)

TU MBX PG UIFSNPEZOBNJDT

dQ = dU — dW dw = !, U ad"

The heat dQfrom the thermal bath to the system is given by the

difference between the potential energy change of the system dU and
the work dw done by the control parameter !.

OE MBX PG UIFSNPEZOBNJDT

dQ
i
dS'! =

The entropy change of the system dS is bounded by the heat dQ per

the temperature of the thermal bath T.




Thermodynamics (Review)
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dQ
e
dS | =

It dynamics of the system are reversible, the equality holds.
The thermal bath is in equilibrium, the dynamics of heat bath is
reversible. We then define the entropy change of the thermal bath as

, A9

dSpatn = ! T

The 2nd law of thermodynamics is given by

dS+ dSy; ! O

(Non-negativity of the total entropy change)
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Stochastic thermodynamics
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My (t) = T EyX(t) D " Ux (X(1), #x (1)) + 2% T $¢ (1)

Stochastic differential equation.

White Gaussian noise: "x (Mean O, variance 1)
Position x(t) at time t, Mass: mx, Friction coefficient: #. Potential energy: Ux,
Control parameter: !x, Temperature of thermal bath: Tx

OWFSEBNQFE MJNJU

If relaxation time mx/#« is small enough (compared to the time scale
which we consider), we can assume the following overdamped limit.

(We here assume #=1.)

X(t) = | 1y Uy (X(1),"x (1) +  2Tx # (1)




Stochastic thermodynamics

TU MBX PG UIFSNPEZOBNJDT TUPDIBTUJD UIFSNPEZO|

We consider the following chain rule for the potential energy change dUx

dUy (X(1), ! x (1)) = &(t) | "x Uy (X(1), ! x (D))dt+ W () 1 "1, Uy (X(1),! x (1)) dt

where dtis infinitesimal time, $is defined as the Stratonovich integral
that holds the ordinary calculus (e.g., the chain rule).

Here, we define the work dWk done by the control parameter, and
the heat dQx from the thermal bath as follows.

dWy (X (1), ! x (1)) = M (1) ! "1, Ux (x(1),! x (1)) dt
dQx (x(t),! x (1)) = s(t) ! "x Ux (x(t),! x (t))dt

We obtain the 1st law of thermodynamics.

de — de | dW)(




Stochastic thermodynamics

%FpOJUJPO PG UIF IFBU

In stochastic thermodynamics, the heat is defined as
dQx (x(t), ! x (1)) = &x(t) ! "xUx (x(t),! x (1)) dt
By using the Langevin equation

X(t) = | 1 Ux (X(1),"x (1)) +  2Tx # (1)

we obtain the following expression of the heat
dQx = m(t) ! ( 2Tx!x (1) " X(t))dt

The heat flux jx=dQx/dtis also given by

Jx(t (V2T x&x (1)

This quantity Is stochastic, and can be negative.
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Information theory (Review)

4IBOOPO FOUSPQZ EJ$ZFSFOUJBM FOUSPQZ

Random variable: X. Stochastic value (event): x.
Probability distribution: px(x)

We define the Shannon entropy (differential entropy) of X as

H(X)="1 dxpx (x)Inpx (x) = "I Inpx (X)?

" Is the ensemble average.

By using the joint distribution pxi gxn(X4,..., Xn),
the (joint) Shannon entropy is also defined as



Information theory (Review)

$SPOEJUJPOBM 4IBOOPO FOUSPQZ

In the condition that the random variable Y is known,

the conditional Shannon entropy of Xis defined as

H(X|Y)= H(X, Y )T H(Y)

.VUVBM JOGPSNBUJPO

To quantify stochastic correlation between two random variables (X, Y)

we define the mutual information as

1(X:Y)= H(X)! H(X|Y)

In the condition that the random variable Zis known,
conditional mutual information between X and Yis defined as

I[(X;Y|Z)= H(X|Z) — H(X|Y, Z)



Information theory (Review)

.BUIFNBUJDBM QSPQFSUJFT PG NVUVBM JOGPSNBUJPO

» Symmetricity | (X;Y) = 1(Y;X)

- Non-negativity 1(X;Y)! O

1 (X:;Y)=0 iff pPxy (Xy)=px(X)pv(y) foranyx,y
If Xand Y are stochastically independent, it gives 0. (Correlation)

Venn diaglam

H(X)+ H(Y)! H(X,Y)
H(X)! H(X|Y)
H(Y)! H(Y|X)



Information theory (Review)

SFMBUJWF FOUSPQZ ,VMMCBDL -FJCMFS EJWFSHFODF

As a generalization of mutual information,
We define relative entropy between two distributions px(X), gx(X) as

px ()
gx ()

D(px||gx) :/dwpx(x) In

Mutual information is given by the following relative entropy

1 (X;Y)= D(px,y |lpx pv)



Information theory (Review)

/PO OFHBUJWJUZ PG UIF SFMBUJWF FOUSPQZ

Non-negativity

D(px [lax)! O
D(px ||ax ) = O i Px (x) = ax (X) for any x

Proof. (abstract)

We use Jensen’s inequality.
Convex function: F,  Function of x: G(x), Probability distribution px(x)

| F(G(X))px (X)dx ! F | G(X)px (x)dx” or (F(G(x))) < F{G(x)))

It we consider F=In and G(X)= gx(X)/px(X), we obtain

L D(px [lax ) = “In[ax (x)/px (X)]# $ In["ax (X)/px (X)A =In1=0



S BCMF PG DPOUFOUT

~5IFSNPEZOBNJDT 3FWJFEX

~4UPDIBTUJD UIFSNPEZOBNJDT

~*OGPSNBUJPO UIFPSZ 3FWJEX

~ OE MBX PG UIFSNPEZOBNJDT JO TUPDIBTUJD UIFSNI

~*OGPSNBUJPO UIFSNPEZOBNJDT

~4UPDIBTUJD UIFSNPEZOBNJDT GPS % -BOHFWJO FRV

URL of this slide: http://www.sosuke 1 10.com/winterschool.pdf


http://www.sosuke110.com/winterschool.pdf

2nd law of thermodynamics In
stochastic thermodynamics

>5SBOTJUJPO QSPCBCIJMJUZ GPS -BOHFWJO FRVBUJPO

X(t) = 1 1, Ux (x(1),"x (1) +  2Tx # (1) !X(t)S: gfgt

We consider the following discretization. Ay = Ax (1)

Xt+dt | Xt = ! !XUX(Xt,"Xt)dt'l'- 2Tx dBx ¢

Probability of dBx: is given by Gaussian. Jacobian.

1 (dBXt)2] d[dBx;] 1

0Tt 4t 2Ty

p(dBx,) =

exp | —
V 2 dt p{ 2dt

The transition probability from xto xwat IS given by

1 Xp. W Xeear " Xe + "y Ux (X, #x ) dt)?
ATy dt

T (Xt+ dt; Xt) = BT
(Xt+dts Xt) = Px s g X 41 Ty dt




2nd law of thermodynamics In
stochastic thermodynamics

“FUBJMFE qvVDUVBUJPO UIFPSFN

We consider the backward probability from Xwat tO X

PB X [X ¢+ at (XtIXt+at) = T (Xt; Xt+at)

The ratio between two probabilities gives the heat.

PXiqar]| Xt (xt+dt|xt) o

PBX,| Xy qs (Tt|Ttyat)

(Detailed fluctuation theorem)

1 Xp. W Xeear " Xe + "y Ux (X, #x ) dt)?
ATy dt

T (Xee dt; Xt) = BT
(Xt+dt; Xt) = Px,. g X 41 Ty dt

Ja(t) = &(t) o (V2T xEx (1) — &(t))



2nd law of thermodynamics In
stochastic thermodynamics

OE MBX PG UIFSNPEZOBNJDT

We consider the following relative entropy.

D(pxt+dt X« PX ||pBXt|Xt+dt pXt+dt) 0

We here use the detailed fluctuation theorem.
"] x (t)#dt
X
The entropy change of X: dSx (1) = H(Xt+4t) ! H(X4)

"I x (1)#
T dt

+ H(X+at) ! H(Xy)

D (Px o g 1 P 1PB X (1% (4 g PX i) = !

The entropy change of the thermal bath: dSpam (t) = !

We then obtain the 2nd law of thermodynamics

dSx(t) + dSpatn(t) > 0
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Information thermodynamics

-BOHFWJO FRVBUJPO XJUI NFENPSZ

The control parameter !x depends on the memory state m.

X(t) = 11Uy (X(1)," x (M, 1))+ 2Tx # (t)

5 SBOTJUJPO QSPCBCJMJUZ

The transition probability also depends on the memory state m.

T (X5 Tetdt) = Dxysge| X0, M (Ttrat| Te, M)




Information thermodynamics

“FUBJMFE qgVDUVBUJPO UIFPSFEFN XJUI NFNPSZ

For fixed memory state m, we define the backward probability as

PB X, X4 g M (Xt |Xt+dt, M) = T (Xe; Xe+ dt )
We obtain the detailed fluctuation theorem

pXt+ dt |Xt ,M (Xt+ dt ‘th m)
pB Xt |Xt+ dt ,M (Xt‘xt'l' dt m)

= exp

] x (1)
|
T dt

Ja(t) = &(t) o (V2TxEx (t) — &(1))




Information thermodynamics
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We consider the following relative entropy.

D(px'[+dt |Xt,M pX'[1M ||pBXt|Xt+dt ,M pxt+dt ,M ) ! O

We here use the detailed fluctuation theorem.

] x (t)#d
X

The entropy change of X: dSx (t) = H(Xt+qt)! H(Xy)

" x (1)#
T dt

D (Px g XM PxeM IPB X X (0 e M PXiia M) = t+ H(Xt+qt,M)! H(X{,M)

The entropy change of the thermal bath: dSpam (t) = !

We obtain the 2nd law of information thermodynamics.

dSx (1) + dSparh (1) ! 1(Xt+at; M) " (X3 M)

Due to the memory state, we need the term of mutual information.
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Stochastic thermodynamics for 2D
Langevin equations

% -BOHFWJO FRVBUJPOT

We consider the following 2D Langevin equations.
X(t) = | LUy (X(1), y() +  2Tx "x (t)

¥(t) = 1 1y Uy (X(1), y() + 2Ty "y ()

White Gaussian noise (mean O, variance 1, independent): "x, "v.

“FUBJMFE gVDUVBUJPO UIFPSFN

For the following two transition probabilities

— Y .
PX 4 a 1X Y (Xt at Xt Yt) = Ty>t< (Xt+ dt s Xt) PYer o Xy (Ve de [Xea Vi) = L% (Ve dt: Yt)

Ty (Xt Xt) :exp‘l jx (t)dt T (Yew at; Vi)
Ty (X3 Xe+ at) R T (Ve Y+ dt) Ty

- oxp 1 L

we have

where  jx(®) = @) ! ( 2T 2 ()" &1) jy®) = §(t) ! ( 2Ty!y(t)" ¥(1))




Stochastic thermodynamics for 2D
Langevin equations
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We consider the following relative entropy.

D(pxt+ dt |Xt,Yt th+ dt |Xt,Yt pxt,Yt ”pB Xt|Xt+ dt 1Yt+ dt pB Yt|Xt+ dt ,Yt+ dt pXt+ dt !Yt+ dt ) ' O

We here use the detailed fluctuation theorem.

D(pxt+ dat [Xt,Yt BYs a |1 Xt,Yt Px .Y, ”pB Xe|Xt+dt ,Yis dt PB Ye X+ dt »Yt+ dt PX ¢4 at Y ar )

_ _<jX_|€;[(>>dt B <JY-|(-?>dt +H (Xirdt, Yerar) — HXe, V)

The entropy change of Xand Y : dSx,y = H(Xt+at, Yi+at) ! H(Xt, V)

The entropy change of the thermal bath:

We then obtain the 2nd law of thermodynamics
dSx v + dSpath ,x + dSpath,y ! O




Stochastic thermodynamics for 2D
Langevin equations
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We consider the following relative entropy.

D(pxt+ dt [X+t,Yy PX ¢ ,Ye,Yes a ”pB Xt|Xt+dt Y+ dt PY: X ¢+ a ,Y) 0
We here use the detailed fluctuation theorem.

D(pXH dt |Xt,Yt pXt ,Yt ,Yt+ dt ”pB thxt+ dt 1Yt+ dt th ’X'[+ dt ’Yt+ dt )

+ H(Xiqar) — H(Xy) + I( X {Y:, Yivar)) — I(Xegar; {Ye, Yirar })

The entropy change of X: dSx (1) = H(Xt+4qt) ! H(Xy)

The entropy change of the thermal bath by X: dSpath x = !

We then obtain the 2nd law of information thermodynamics

dSx + dSpath x ! | (Xt+at;{ Y, Ye+at}) " 1 (Xe;{ Y, Yieat}) = dl




Stochastic thermodynamics for 2D
Langevin equations

$SPNQBSJTPO

The 2nd law of thermo.

-

.

dSx v + dSpath x + dSpath vy ! O

~

J

The 2nd law of info. thermo.

-

de + dSbath X | dI

~

4 R 4 b
X dSx v Y
\ ) \_ W,
"y #t "y Ht
d%mj\\\ TX  dSpuy Ty
~ ) (" )
dSx | x dl Y

\_ ) \ J

"] Helt "y Hlt
damm;\\\v///7'rx dSbath,y Ty




Summary

For Langevin equation, the 1st law is given by the chain rule, and the 2nd
law Is given by non-negativity of the relative entropy.

If there is a memory state, the 2nd law is modified because we have to
consider the relative entropy with a memory state.
The modified term is given by mutual information difference.

If we consider 2D Langevin equations, we have two choices of the relative
entropy. One gives the 2nd law of thermodynamics, and another gives the
2nd law of information thermodynamics.

The 2nd law of information thermodynamics can be considered as the 2nd
law for a subsystem.
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