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Example I :a

A : active state cell

B inactive state

B̂

A →
k
←

B kt
,
k : rate constants

<

k
.

Assumption

macro scopic
large number,

No true
,c 1ー of molecules bat practical
ー

Ca :concentration of A

CB : concentration of B

CA 20 CB ≡0 ( CAEIRz 0 )
CB ER

2 O

rate equation

=
=

KTCA tKCB ≡ = J ( CA. CB )

d

= KTCA- KCB = JCCA
.
CB ]

の
= -

→ (CAtCB ) = 0



Ct CB = G = const.

mo re gene ral

αε IR
.

a = 0

RCA T
α CB ) = 0 .

con servation law

② CAeq70 ,a
cquilibrium

cε 1 Rs 0( )J ( CAeE , CBe
8
) = 0 ceε 1R , 0

( Do not consider a trivial solution )
CA = CB = 0

ktcAe 0 = k ce
CACG 辰→
ー

CBeq
こ

「 aw of mass action

( detailed balance )

CAeE ← CBeq=

CAeq 1 1
Pa =

τ= π.=表



PB = BeE
=

1 - PA = 装
酷

( PAtPB = 1
,

RA 20 ,
PB 20 )

Cf
.

)
ca nonical distribution

P .-α exp ( - β E) "
⑨stem bath

1 [
State x B

energy
Ex 1

inverse

temperature

A
(

-βEA ) texp
( - β E )

ー EA

((-* }瘭 *

OE

assumption 手
ー FB

PA = 装「 品uretarin



笊 = exp ( - β OE
)

local
\ n ニ - β LE detailed

balance

③ matcix - vecton notation

4 = ( 口 ) 2 × 1 matrix

J ( 4 ) = J ( CA
.

C
3
)

ε = ( ) = (一幾 , )
= ( ; ) J ( C )
ww

1 x 1 matrix
2x 1 matvix

s = (i) : stoichiometric

matrix

JCQ )

A → B

回 ④



rank nallitytheovem
T : transpos

A : nx m crealvalued )matriy

rank A , = r ( minca
.

m ) )=

rank ( A ) = rank ( A
= ) = din ( im (A 1 ) = dim ( Im (A》[

kev (A ) = { ¢ ElRml Ax = 0 }

Ker (A ) = {, 4 EIRIAT,
4 =03

kev (Aldim 7 tr = m[ dim ( Ker ( AT ) ) t r =
n

dim ( Ker A ) ) = m - w

dim ( Ker ( A
^ ) ) = い

- @

S : 2 x 1matrix

vank ( S ) = I
.

dim ( kere = I - . =05) )

dim ( Ker ( s
' ) ) = 2 - 1 = IA

ー ⑧



ST = ( - ) 1 )

s
( * ) = 0 2α=∝

ε ker ( s ')( * ) = α ( ; )=* :

cf
.

) I
(

α CA+αCB )= 0

assumption

( 4 ' ¢ )= 0 ( ate = 0
り

check
ー

Rate equation
matrix A

.

B

au 4 = $ J ( 4 ) [ AB)( = BTAで

A9)
(

T =A

4 ' c )L =Er$
2
,

= ( $74 )
T

J 1¢ 7

ニ ①
T
J ( 4 )

ニ O

Conservatioy law s ker ( sT)ε
4
'

¢ = const
.



summary A *感 B
ー

rate equation : Gc = $ S ( 6 )

detailed balauce J C 4eq ) = 0

4 eq ε IR ,02

local detailed balance

kt

E
=1 n - BOE

consevvation taw

e E ker ( sT *
,

4
'

¢ = const
.
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Remark .

q ε = $ JL¢)ε

①TCa= 4 '
S

JJC 41 (
= ( $t ) eker

( $ ')J ( 47
)

= ①

生 $ : nx m matrix

0 Im ( S》 I Kev ( $ 7 )

Im ( $ ) = { 5 EIRA ER}$S $[ Kev ($^ ) = う¢ t * 1 $7¢ = ① }x
"

照
⑧ EIRm )$

Im [ $)E → a = $

ib ε Ker ( $
T )

aTib = $$b = $s : 0
い

①



Example
ligand - receptor binding

.

kt 翌 ligand L

Lt R さ LR 彡い
K receptorR

⑤
nい LR

rate2 eq -

nonlinear .
C

aoce =- ktcccktccir
-

GCe = - KtC .Cr t KCLR = -JC41

Ccp = KTCcCa- K
-

CLR
= +I (Q)

1 し

{ l 1 1 Rε= 品 1 $=

; ψ

nontinefunction J(C 1

小
→L+ R LR

at ε= $ J (4 ) のの ①④(
w

W
1 X 1

3 X
1 3 ×

1

matrix matrix m atrix



の rank ( $ ) =
1

dim ( ker ( $) = 3 - 1 = 2
.

$
T
= ( - 1 1 ) .

t
"
= ( * . ) εker (

$ )

t
=
( ; ) ε ker ($

'

)

) (e
"
'

φ ) = 0

⑥ ( C . tCcR)

(eTC
)
= 0

( CR tCS )= 0⑩



probabilities
0

Cc

QーCLt CcR 1

CR
～ ー

Q CR + CLR
琵 cuk

③ Equilib rinm

J ( 4
eq
) = 0

4eq ε 1R 30

ce: ( k= KCieq

Cizeq
長=c階

[ deeailed balance
O L

law of mass action



凹 ⑧Ppeε=Caa ⑪
ceq 通

Piea=一 1

eq
Ceqt CLR 吐

peq
=- Pq

Czeq
ー

CReq
こ ー

け CcReq
…

cceq k
Creq

@こ
ー

*ー =

eq kt
ー1 t cu
K
-

kdd = : diss ociation

conssant



橤
ceE

ce: = Kd
Kll(

Pis ε= 市災
F

9-
0 . 5 )



Examplole 2

ー

ligandn ー I receptor

⑧ 0 每 n ん

n kt
m
nix さ 回回

.

R K LnR

kt
nL t R 長 LnR

= ( 始 1 J (4 ) = K
'

@ )
^

Cr - KCinR

CLak

R →ULtR LR$ = () -@ の ⑪
R

Rate eq
.

上
ε = J(C )$

dt
w w w

3 XL 1 X
1 mafrix

3 X 1 matvix matuix



の①

rank ( $ ) =
1

Kerdim( ( s
' ) ) = 3 - 1 = 2

.

*
"
= ( ) ε ker ($ )

e
^ )

= ( ; ) ε ker ( $
'

)
.

te. }) = 0

→ q( Cet n Cinr ] = 0

( 4 )̂ c

) = 0

→ (CrtCrup ) = 0



② Equilibrinm

J ( 4eq) = 0
0 sen

歳 =感
Cpes la

"

Cpeq

l :
蓮

cC@
Pe :

1
- P

%

eq

二

ceq

=

Cie
"

.±

☆ 0
0

節。 ー午@
fous ms0y my

∞ ⑧

my prob
ー



Hill equ ation

Pirts
-(
πp

ka : = (長)
広

eq

ー

'ンー
Kd Cilq

fitting parameter 2

All Hill coefficient
( Cooperative )

n 771
.

ceq ckd → 品 ～ O.

Ce8 ,kd → r ～ 1



Exe= Enzymereaction

kit k 2
t

E + S Ʃ ES
→ Et P

Ki ( G )Ki
negligible

E : Enzyme

( S : Substate

P : product

ES = Euzyme
- substate complex

.

4 × 2
matvix7

Rate eq
- 2× 1 matrix

4 x 1 motvix
MM

at 4 =

m
$ J ( ¢ )

_

1 J , (4
)

G - ( 節 $洲 J (4 ) = (
1

J2 (4 ) )
Cp
1

10

J
,
( 4 ) = KCECs - KiCes ,

J

2 ( 4) . = KICES



の rank ($ ) = 2

dim ( ker ( $ ') ) = 4 - 2
= 2

.

$
'
= (

T - 1 1

) % - 1 *
)

4
"

= ( ;) ε ker ( $ 7
*
"
= ( ; ) ε ker ($

' )

a( ee") 「 4 ) = 0

→ ( CE TCES ) =0 ⑧

a
(e )," ¢ ) = 0

→ (Es tCEs t Cp ) = 0S



Summary
ー

ligand - receptorbinding

Ln + R LnR

節s = "
Hillequation



Bio physics 2 Leceure 3

Remark
ー kt

L + R → LR
←

K

Capeq
p
Gqー
LR Cq t ceqし1

こ 。
π

eq kt

Grand canonical distribution
N =OC ) N = 1C )

R LR

凸夂partide
bath

exp ( - β ( ER- Ee - µ . eG ) )
P=
ep( - β ( Ei - Ea-µ ea ) )

⇒1 n ( co@ = -β CEr - ER - µeE }



local deeailed balance

\ h表 = βCELE -EL )

⑦ µ
e

: ニ E . ←β In ce :

chemical pote ntial

EymeExanp1 e 4 :
veaction

k.

ETS CES
Ki

ES → EtP

K を

② Assumption

CES = J ,
(
¢ *)- Ja ( 4

*) ≡ 0

KIC *
CS
*

-
K

.CES - KICES $ = 0

CE
*
T CES

= conSI
-CEtot

CES $

=

←K 「Cs
*

CEtot
Cs
*



atCo =
Kを CEs

*

舞KCs
*

= K: CEToT 午十KICsX
Cs
*

ー

二 Vmax品
Michaelis

- Mentene

equation

Michaelis constant

Kit kzt

km =
limiting rate

Vmax =Kt CEtot

琵

↳
km CS

*



Example 5 : Membrane tvansport

Exterion 楽
solute

～∞ー ∞-- C

cytosol 2
回

0 Se TeS

-∞eさー

↑kki fki
kst

←

→
-①π ー①ー.

K5 TCS
0
Sc

kit

Te t Se 凸 TeS
ki
kzt

TeS さ TcS
k~

Tc S
kgt→ Sc + Tc
⇐

kikgt
Tc CK4 Te



紫 J . CC )

C =1

1
CTC

1 J (4 ) = 1 J2 ( C ) )Js C )

Cse Ja (4 )
Cscl

J
.
( 4) = kit CreCse -

k, Cres

J. ( 41 = Ke CTes - Ki CTcS

J, ( 6) = kst cecs - Kz CscCrc

J
4 ( 4 ) = K

4

t

E
.Tc - k4 CTe

( - 7 O O
1

0 0 1
-

1

¢ = ( ノ ー 1 0 0 ) J ( C )

0 - 1 0

ー 1 0 0 0

喋
の rank ($ ) = 4

dim ( ker ( $^ ) ) = 6 - 4 = 2



$=(員語営 )

s "( ] = 0 ( ) ε ker (s7
$ " (; に σ ( ; ) ←

ke
。( s 1

G
(
CTat CTc t Cres * Cics )=

0

⑦

q ( CTes t CTCS T Csc + Cse ) = 0

⑤

③ Equilibrium

J ( 4 eq) = ① Ceq ε IR
'

,



eq eq

CTcS
ニ ー

eq= CTes最装Cres

=幾
歳 =感

CTe

law of mass
action

Check
ー

eq kI kt kst k 4
t

Csc
ー

Cseq
=

kkik.

o

.感災籔災 =tnco- lucsain

chemical
. Energy pote ntial

difference difterence

( local detailed balance )

eq

巡/ /".
incs@/////",



③ OpensystenJexCse
d

ao Cse = 0 ∞ー[ tCse = 0 zjexcsc
Che mostat

.

1 0 0
1

Ii4 こ 1
0 0 I -

1

) J ( 4 )

/ - 1 O 0

O - 1
0

0 O 0
⑥

O 0 0

～

5
0 0 0 0

O O O 0

Jex =( 47 ( O 0 0 0 ) J ( C )O 0
0 0

1 0 σ ⑥

O 0 - 1 0

q4 = $ JC 4 ) = 5 J ( 4 )+ Jeと41



rank ( $ ) = 3 8

dim ker ( (
^ ) ) = 6 - 3 = 3

dim ( Ker ( $ )
~

) = 4 - 3 = 1 8

s : (員語 ? )
$ " [ ; ] = 0

a
( CTeStCTcs

+ CTe + Cis) = 0

5 ' ( ;) = 4 at csc=

5 "

( ;) = 4 qoCsc = 0



③ t 00 1

0 0

$( ;に 1。) [ ; ) =φ0

( ; ) ε ker ( s )

at 4 = $ J ( 4 )

J ( 4
st ) = α ( ; ) Eherls )
( α キ O

.
α ELR )

t4 st
=

$ JC 4
st )

= α 5
(

' ;) = ①

non -equilibriumsteadystatest:



0 ∝

J , ( 4
) = α

ー →-ょ
S
2

( 4 )
=α

Q Iα
↑∞↓ ⑩

J
3

( ¢ ) = α

J
4
( 4 )

= α ∞ー な ←⑧
一

.

Ker ( $ ) ⑩

ー.

)Cf
.

Electromagnetics

ID . B = 0

→ D XA = B rotation
ー

$ JJ =①

J3 : cycle
.

$ E
- 7

.
≈

div

く $Tc… 潑
7 しッ )
grad

α= 0 .
… cquilibrium

.

α 7 0 α C 0

0
r

2 nd law of thenmodynamics



⑤ 2 nd law ofthermodynamics

J . ( 4 ) = J .
T

(4 ) -Ji
≡ o ⑥

e . δ .) S , ( 4
)

=kticreCrse
-

J す ( 4 ) J : ( ¢ )

Fi ( 6 ) = \n( 47
J : ( c ) ;Fi ( 鄂 ) : same sign

.

Ji ( 4 ) , 0
,

Fi ( ) 7 0 ( : T( ε ) ≥ J :( c ) )

( Ji : ( C ) =
0

,Fi ( 4 ) = 0 (JLt( ε
) = 3

:*

(4 ) )

J : ( 4 ) ∠ 0
,
F : ( 4 ) ∠ 0 ( Sit(e ) ( J : ( 4 ) )

=) J0 ( 6 ) Fi ( 4 ) =07

Entropy productionrate

OC ¢ ) = Ʃ J : ( ε)FC ⑳

2 nd law of thermodynamics



¢=ceqa JC CE = ①

( F ( ¢
eq ) = θ )

σ ( Eeq ) = 0 equilibrium

σ ε キ ceq
, JC 4 ) キ ①

σ CC 2 7 0 non - eq
uilibrium

Entropy change

J . = 1 さβ.) CseCTeS: ーー
ー

che mical
energy botential
chanse change

Clocal ailed balance )det

Entro py production rate

σ L 4 ) = Ʃ F: ( 4 ) Ji ( c )
ー ー

entropychange flow



5 ( 4 '
* , = ( ? ) α 4 o

∝

σ ( 6
st ) = Ʃ J: ( 4

st ) FiCEsE )

= α Ʃ Fi ( 4
st )

= α 1nks
*

k - 1 is - a
= σ ( 1 n感 - 1 . 器感Sc

2 nd law

C>
( α t0 , σ [ est, )

ー

st
) α 7 0

Csc C
Sc

st
eq

Cse
こ) α

o< Esa
ム

st

( = α = 0 lequilibrian ) }



@ ∝
α ≥ 0

CsE -→ ⑦ ー

ー れ α Q ↓ a

Cs⑧" 旬

α ← 0

ーα

A-sstc
-∞÷ ↓ - α G れ - α

st 、 Ceq
C ⑧-①-
→ sc

②
⑦

ー α



Summa
ETS FES I:

. Enzyme veaction

ES → P 2:

J
.
C ¢
* ) - J

2 ( 4
*

) ≈.

上
Km,dt Cp = Vmaxー

*

け CS
ー

km

Michaelis - Menten Eq
. dep
at

Vmay…

亡 ー凵Vmaxm Cs
*

Open system

aε = $ J ( 4 ) =$ JJ (4 ) + je
×

(c )
-

Ker ( s ) : cycle

0
Entropy production vate

σ ( 6 ) = Ʃ J : (4
) Fil 4 ) 当細 Ind law )

J :
( 4 ) = J: ( a ) - J: Cc )

JT0 C ¢ )

Fi ( c ) = 1 n→
J : CC )
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照

σ ( ¢ ) = Ʃ Fi ( 4 ) J . ( 4 ) ≥ 0

Vi
ノ
Fi (xeq ) = 0

J0 ( ceq ) =
Fi
,⇒E

J . ( 4
* ) = ( 1

σ C 4st ) = α Fil est )

α = 0 ⇒
U
i
,

J . ( est )
= 0

=⇒ it2 Fi ( 4
st

) = 0

⇒ Ʃ Fi ( 6
st ) = 0

Thus
,

α= 0 =⇒ Ʃ Fi (4
st ) = 0



Example 6 : SIR model

s su sceptible s ③

0 Infected I K

s Recovored R
. ③

I S I I

⑪

l
最 +☆ ( reaction

)
'

autocatalytic

kす
I t R → 2 I

[ I R
J

.

(¢ ) = KTiCICs
ε= 創 J

2 (4 ) = Ks CI

(a-
J (4)

= 、)



の Ran k ( $ ) = 2

dim ( ker ( s ) ) = 3 -2 -

1

$
T
= (

-"

o. )

s " ( ; ) = 0 (i ) ε ker (
s )

⇒ G( CSTCI + CR ) = 0

N = CSt CI + CR
.

③ Ca =
J

.
( G ) - J2 ( 4 )

= KI cs- ki )
C

kcs - ktco ,

qCrco

R
0 Cs = Cscl

Ro E : basic namber
of re pro

duction



③ Steady state .

CIst = 0

J ( Est )
)

= ① め

Cs = N - C

add itional con ce rvation
law

qucs = - k! CICs

qCR = K 'C

→ cs = 一 CsoCr

→ ( Incs + Ro Ca )
= 0

In Cs T RoC= Const
-

Cs (o )
,
Cr ( o ) : Cs and Cr at time

t = 0
⇒

In cs
' t Rocrst

=

In Cs ( o ) tRoC (
o )

=7 cst = Cscol exp [ Ro [CR
( O ) - C' J ]



c
StX$

achivable )( un
C

Cst : N - C占
1

I.i "". 'と"(CI LO ) ≥ 0

( → Cs ( o ) +
(
a

( o ) ≤
N )

qocr 20 →
achivable

steady state

Example 7 : Cell differentiation

type A ty pe
B

A Q B

k す多 ↓2 B

OOA A

邰
B

Q



A K 吉 B
→

邰 ← 邰
K3

mutation

[ A→皆
ぷB

K 3

Rate eq .

KTCA

ニ

KICBε= (品 ) JC 4 > 1
kica - kica

)
1 0 - 1

1 ) JLC )ε= (上
$



の rank $$ 1 = 2

dim ( ker ( $) = 2 -2 = 0

dim ( ker ( $ ) ) = 3 - 2 = 1

() ( ∵; ) =
0

(な ) ε kev ( s
)

J ( 4
sε ) = (* ) (α キ 0 )

is not achivable %
ー

J (o) ≡ 0

→
α ≥ 0

J
2 ( ¢ ) Z 0



② CA

ー

PA =

CA T CB

PB ニ CB
( CAT CB ) キ 0

[ dim ( ker ($
7 ) ) = 0 3

No tation

k す = λ A

《I = λ B

k ' s =WBAK3 = WAB

G

PA=店
CA *)(

= T WABPB- WBAPA

-PA CA PAT λ BPB )

( nonlinear
master Eq .

)



Expected value (λ 7 = λAPA t λ BPB

GPA= λ A- C λT )PA+
WABPB-WBA PA

For PB

qPB= λ B
-
λ) x1 PB

T WBAPA- WABB

1
λA -<λ>) PA

iP = ( ) ⑤ ( p) : ( λ☆ - 《λ》 PB I
WBAPA -WABP

1

qlp= ( ''% ")
$same ?

Jip ') - (∵ I ε ker ( s )
,

a .



oipst = $ 5 ( ipst ) = $ (* ) =① .

"

steady
"

- state
.

check
.

λAPA - <λ ) PA = α

[ λ
B
∞ - <λ ) PB = - 4B

→ λAPAT λ BPB - C λ ) (PATPB ) = 0

ok
.

λAPA -<XDC)
PA

=WABPB
-

L

mutation
Selection

balanced .

IPA
pst ーー ←I
4
swnls。

,n
A

0

1CB ー
τ

0



Summary
ー

SIRmodel

steadystatetisdifticult to obeain a

in general

some steady states

are not achivable
.

ー

s Cell differentialiton

¢= JL 4 )$

$ J (4 ) = ①
st

is noe iivableach

qIP=$ ⑤ CUP )

$ 5( Ipst ) = ①

is achivable



③
fitness

fa =
inCaat

fB = It Ih CB

Effective growth

「 (n ( CA tCB )

=

CA+ CA←CBCB
= PAIA t PBfB

= [ 57
.

d
tnpa = h ( cat Cp ) InCa

ー

dt

= fA - < 5 >

do In Ps = tr - < 57



price equatioy

obserrable RAEIR

RB EIR

< R ) = RAPA T RB PB

<= 〈 )← covCIR 7

COrC . R ) 2 ∠ f -< ) (
R - <R》

θ qR> - 7 = ( RA + PBRB )

-PAd - PB
= RAd +RB

PATPB = 1 →= RA+ RBd- CR 7(P+B)
→ GPAtP)C = 0

ニ RA -< R) ) ( +RB -< R )

= ( RA -< R 7 )PAd + (RB -< R 》 PB
d1

ニ RA - < R 7 )( ( 5
A
-( f 7 ]

+ ( RB - CR 7) (5 m
- <f 》 B= ov(5. R )



「

Canchy -
Schwarzinequality

Cov ( 5 .

5 ) COv (RR ) ≡ COvCR
.

51) で

い い

vav (5 ) Var (R )

《 o .

a 》 《 b .b》 Ʃ 《 a .

b》
.

product[ a こ f - <57

《…
)

…
.

77 inner

b = R - CR 7

《 。 ッ …

77 = C
,

7

Cramer - Raoinequaliry

COvCR
.

5 )
2

≥Var (51 ー I price
var ( R )

eq
.

<R ー < 》
で

ニ (
dt
ー
var ( k )

Var (5 ) = 〈 dP 7
: Fisher infor mation

0ftc )

= PAd) PB (
d)、

= 肩) + 前 ():



< R 7 = t
,

〈琵 7 = 0

→ ( ' )() 三
亠
Var ( R )、

Cramer - Rao

inequality
.

<飛 7 = 0

→ 最い?
"

var ( f )
'
speed

い
0f R

琵 (二
Var (5 )

1
い

← speed
)/
2

information

geometry



= p )7
PA lnPa )4 pB( 1 np) 、

ニ

ニ *プ前 ← 前(:

こ () ? ←

2() 、

ds 2 =
2 d5a) (≤

+

( 2 d 所B
)
:

PA tPB =
1 → 25所) ^+ (2)pm )

ユ

= 4

mani fold
.

25pB

↑ ィ ds infor mat ion

2
r geometry

.ヘ凸琵

⑥
1品ner

-ka inequaliez.

筑 三 器
、

(P



Kullback -Leiblerdivergence

C0 70 x :70

Dic ( っ¢ 1104)
= Ʃ x: \ n:-xitxi'

)

= Ʃ x : f( )

fly ) = lny - 1 + 京

U:
DKC ( x 11 7¢) 20の

θ 5 (飛 ) ≡ 0

C 0 7 0

② Dec (x 11 ¢)= 0 ⇒ ti , xo =
x : :

① f (は ) = 0 ≤⇒ y = 1

③ Pec (x 11 x td ,4 )2
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